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Abstract
We introduce a calculus of the Lie algebra valued functions present in Tseytlin’s proposal
for the nonabelian DBI action, and apply it to show that the recently found dyonic instanton
is a solution of the full nonabelian DBI action. The geometry of this solution exhibits a new
effect of “blowing-up” of the brane, which was not present in the case of the brane realisation
of monopoles. We interpret this solution as the superposition of the D0 brane and fundamental
string F1 which connects two separated D4 branes. Both F1 and D0 are delocalised in the
“blown-up” region between two separated D4 branes.
1email: mz212@damtp.cam.ac.uk
1 Introduction
It is now well understood that the low energy dynamics of a single Dp-brane is described by
the Dirac-Born-Infeld action, combined with a Wess-Zumino term which describes the coupling
of the brane to the background RR fields and gravity curvature. This action is consistent with
T-duality, in the sense that it can be obtained from the ten dimensional BI action by dimensional
reduction. It admits an extension to the κ–invariant action for both flat [1] and general [2, 3, 4] type
II supergravity backgrounds. This action is effective since it describes only the dynamics of the
massless excitations of the brane. It is low energy in the sense that it is valid only for slowly varying
gauge fields, i.e. there are corrections to this action of order O(l3s∂F ). However, the abelian DBI
action incorporates corrections to all orders in the field strength. The physical degrees of freedom
of the DBI action are manifest in the static gauge and they correspond to the degrees of freedom of
a p+ 1-dimensional U(1) gauge theory, 9− p transverse scalar fields and their fermionic partners.
On the other hand, the low energy dynamics of a system ofDp branes is still not well understood.
The lowest energy description for a system of Dp-branes is given by the maximally supersymmetric
U(N) Yang-Mills theory in p+ 1 dimensions. But the full effective action is unknown. One of the
main problems is the following. In the abelian case, one can uniquely split the abelian action into
those parts which do and those parts which do not depend on the derivative of F . For the system
of branes that is not the case since [Da,Db]Fcd = [Fab, Fcd]. Hence, one is allowed to “trade” DF
terms for commutators of F terms. To overcome this ambiguity, when talking about the nonabelian
Born-Infeld action (hereafter referred to as NBI action) one means only the part of the effective
action which does not contain any commutators of F . Tseytlin has defined the NBI action as that
part of the full open string effective action which is completely symmetric in all factors of F in each
monomial tr(F...F). The full open string effective action of the Dp-brane is then given by the sum
of the following terms: the NDBI action, the Fn terms containing factors of commutators of F , and
the terms with symmetrised covariant derivatives. Hence a discrepancy between the predictions of
the full string theory and the predictions of the nonabelian DBI action (such as found in [6, 7]) is
not unexpected.2
We will not consider here questions about the validity of the NDBI action and proposals for
possible correction terms which should be added to this action. Instead, we will focus on rules for
efficient calculation with the existing NDBI action. As given, Tseytlin’s proposal for the nonabelian
action allows one to work only in a power expansion of the field strength F . However, one would
wish to introduce a closed-form notation, which would allow one to do all calculations without
writing explicit power expansions. Of course, the new objects that we define are such that at each
stage of the calculation one can rewrite all results in a power expansion. In the literature many
calculations have been done in closed form, implicitly introducing Lie algebra valued functions.
However, strict definitions as well as precise rules for how one should do calculations with these
functions have not been given. The first part of this paper aims to fill this gap. We also point out
the limitations of this approach. Namely, after certain operations one loses the ability to further
express things in a closed form.
In the second part of the paper we apply these rules to find a particular solution of the NDBI
2Supersymmetrisation of this action is also a nontrivial problem [9].
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action. It was recently found [5] that five dimensional N = 2 3 supersymmetric Yang-Mills-Higgs
theory with gauge group SU(N) broken down to the maximal torus U(1)(N−1) admits a new type
of nonsingular instanton solution. This instanton, despite the broken gauge group and broken
scale invariance of the theory is not singular due to the fact that it carries electric charge under
the unbroken Abelian subgroup. This charge supports the instanton against collapse. Since the
instanton carries both topological charge k (winding number) and electric charge q, the authors of [5]
have christened it a dyonic instanton. It was shown in [5] that this configuration is supersymmetric,
preserving 1/4 of the supersymmetries. We will show that this solution solves the full non-abelian
DBI action for the D4 brane. We interpret this solution, for the case of a SU(2) gauge group,
as the superposition of a D0 brane with a fundamental string connecting two parallel D4 branes.
The geometry of this configuration is interesting and new compared to the shape of the brane with
monopole solutions given in [8]. Due to the presence of the delocalised source of the electric field
on the brane, a new effect of blowing-up of the brane appears. We also comment on the problem
that one encounters when trying to abelianise the solution.
2 Systematics of the NDBI calculus
Before discussing the nonabelian dyonic instantons, we will now first present a systematic method
for closed-form calculations involving the NDBI action. As proposed by Tseytlin [9] the NBI action
for the D9 brane is given by
LNBI(F ) = Str
√
−det(ηµν + T−1Fµν) . (2.1)
where µ, ν = 0, ..., 9 and T = 12piα′ . The symbol Str in (2.1) is defined in the following way. By
expanding the abelian BI action as
√
−det(ηµν + Fµν) =
∞∑
k=0
Cµ1ν1...µ2kν2kFµ1ν1 ...Fµ2kν2k . (2.2)
one defines the Lorentz tensors Cµ1ν1...µ2kν2k . Then the NBI action is defined as a power series
Str
√
−det(ηµνI + Fµν) ≡
∞∑
k=0
da1...a2kC
µ1ν1...µ2kν2kF a1µ1ν1 ...F
a2k
µ2kν2k
. (2.3)
Here the tensors
Da1...ap =
1
n!
(Ta1 ...Tap + all permutations)
da1...ap = tr(Da1...ap) (2.4)
are totally symmetric, adjoint action invariant tensors of the gauge group.4 Strictly speaking,
given this definition of Str, one can only work with a power expansion form of the action. However,
3We use language of the five dimensional spinors, i.e. N = 2 theory has 16 real supercharges.
4A major achievement of this action is that it reproduces correctly all terms, up to the α2F 4, from string theory
calculations.
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extending the Tseytlin definition as follows allows one to do calculations under the Str without
writing out a power expansion. Following definition (2.3), one first introduces a new type of object:
a function of the the Lie algebra variables, fˆ .
Let f = f(A1, ..., An) be a C
∞ function with the expansion
f =
∞∑
k=0
hk
1
+...+hkn=k
fh
k
1
....hknA
hk
1
1 ...A
hkn
n . (2.5)
Then the corresponding function fˆ over Lie algebra variables Aˆi = Aˆ
a
i T
a, i = 1, ..., n is defined as
fˆ ≡
∞∑
k=0
hk
1
+···+hkn=k
fh
k
1
....hknAˆa11 · · · Aˆakn Da1...ak (2.6)
where a D-tensor is defined as in (2.4).
Next, we define operations with hat functions. Additivity and multiplication by a scalar is
naturally induced from the algebra of the “abelian” functions C∞. Note that the induced addition
for the hat functions is commutative: fˆ + gˆ = gˆ + fˆ . Multiplication in C∞ induces a natural
multiplication among the hat functions as follows. For simplicity we will talk below about functions
of a single Lie algebra variable, and comment on the generalisation to the case of several variables
only where it has specific features. For functions gˆ(A) and lˆ(A) the first guess for the induced
product gˆ(A)lˆ(A) might be
gˆ(Aˆ)lˆ(Aˆ) ≡
∞∑
k=0
∞∑
m=0
gklm Aˆa1 ...AˆakAˆb1 ...Aˆbm Da1...ak Db1...bm (2.7)
However, this is not a well defined operation since the product of two hat functions is not a hat
function. If the abelian counterpart functions satisfy f = lg, then this product does not imply
fˆ = lˆ gˆ since
Da1...akDb1...bm 6= D(a1...akDb1...bm) (2.8)
Only in the case of a single variable A does the equality fˆ = lˆgˆ hold, since Aˆa1...AˆakAˆb1 ...Aˆbm
is a totally symmetric expression, and hence induces symmetrisation in the product of D-tensors.
The approach adopted in [8, 6] was to treat all hat functions under the Str as abelian. This means
that the product (2.7) is modified to
gˆ(Aˆ) ∗ lˆ(Aˆ) ≡
∞∑
k=0
∞∑
m=0
gklmAˆa1...AˆakAˆb1 ...AˆbmD(a1...akDb1...bm) (2.9)
where we have introduced additional symmetrisation over products of D-tensors. This product
is obviously closed and moreover respects associativity and is commutative. When supplied with
operations for scalar multiplication, addition and multiplication, the set of hat functions forms an
algebra.
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Another property that we will use is that variations of the hat functions can be taken as in the
abelian case, i.e. one can take variations without worrying about the gauge group structure (as
long as we are assuming the ’ * ’ product)
δfˆ =
∞∑
k=0
k gk Aˆa1...δAˆakDa1...ak (2.10)
=
∞∑
k=0
k gk Aˆa1...Aˆak−1Da1...ak−1 ∗ δAˆ (2.11)
≡ δfˆ
δAˆ
∗ δAˆ (2.12)
Hence the variation of the action (2.1) is
δL = Str[
√
−detHˆξρ ∗ (Hˆ−1)µν ∗ δFµν ] , (2.13)
where Hˆµν ≡ ηµν + Fµν and δFµν = DµδAν −DνδAµ . Since for F (and quantities derived from it
by T-duality) there is no distinction between ordinary and hat functions, we will henceforth write
them without the hat.
All we have done up to now referred only to the D9 brane. To get the NDBI action for any
Dp-brane, one goes to the static gauge, identifies world volume coordinates (along which we want
to T-dualise) with background coordinates and applies T-duality 9-p times to (2.1). After T-duality
we get the action
Sp = Tp
∫
dp+1x Str
√
−det(ηµν + T−1Fµν)
= Tp
∫
dp+1x Str
[√
−detGˆmn ∗
√
detGˆrs
]
, (2.14)
Gˆmn ≡ ηmn + Gˆrs(X)DmXrDnXs + T−1Fmn , Gˆrs(X) ≡ δrs − iT [Xr,Xs] , (2.15)
where indices m,n = 0, ..., p and r, s,= p + 1, ..., 9. It is important to note that all hat functions
under the Str are functions of the variables F and quantities derived from it by T-duality,
Frs = −iT 2[Xr,Xs] ,
Fmr = TDmXr = T (∂mXr − i[Am,Xr]) ,
Fmn(A) = ∂mAn − ∂nAm − i[Am, An] . (2.16)
One is not associating Lie algebra generators to X’s and A’s, but just to F ’s under Str. Hat
functions are by definition functions of Lie algebra variables F , not A or X. As soon as we pass
from F ’s to A’s or X’s we lose the ability to write expansions in closed hat function form. In order
to go from the first to the second equality in (2.14) we have used
det
(
A B
C D
)
= det(D)det(A −BD−1C) (2.17)
4
where here it is understood that det is the hat determinant. If we compare the action (2.14) with
the abelian case of the appropriate dimension we see that the nonabelian action for Dp-branes is
not just the abelian action with the replacement D ↔ ∂ and Str introduced. There are additional
commutation terms [X,X] and [A,X] in the nonabelian action.
Another operation that one often performs under Str is
tr(fˆ ∗ δFmn) = tr
(
fˆ(DmδAn −DnδAm)
)
. (2.18)
Here in the second equation we have passed from the ’ * ’ product to the ordinary product. We can
do this due to the fact that F carries only one Lie algebra index. In each term of the Str we can
always cyclically permute the T a generator (corresponding to the F ) under the trace to the right.
So this operation of passing from ’ * ’ to the ordinary product is possible only under the Str and
only for the expressions of the form tr(f ∗ l) where f = faT a and l arbitrary.
Next we want to define the covariant derivative of the hat function. In order to do this we first
note that any hat function fˆ , valued in the SU(N) gauge group, can be written as
fˆ = faT a + f0I (2.19)
where I is the identity matrix. This follows from the property of the SU(N) generators T aT b =
c
2δ
ab + 12d
ab
c T
c + i2f
ab
c T
c. Hence, any product of generators can be expressed as linear combination
of the identity matrix and the generators. The covariant derivative is then defined as
Dmfˆ ≡ ∂mfaT a + ∂mf0 + fa[Am, T a] (2.20)
Although it is not obvious from the definition (2.19) that the covariant derivative of a hat function is
itself a hat function, one can prove this easily by writing fˆ explicitly in expanded form. However, the
abelian counterpart function of Dfˆ is not obvious. Generically, Dfˆ is of the form: Dfˆ = ∂fˆ + Hˆ
where Hˆ is not directly expressible in terms of fˆ . This is in contrast to ordinary nonabelian
gauge theory where the analogue of Hˆ is a commutator of a gauge potential and a function (here
Hˆ 6= A∗ fˆ− fˆ ∗A). In order to calculate Hˆ explicitly one has to use the full expanded form. As long
as we treat Dfˆ as a single object (not worrying about its explicit form) we can treat all expressions
as abelian (Dfˆ is a hat function). However, if we want to perform some calculation which depends
explicitly on the structure of Dfˆ (for example, to calculate δDfˆ) we must work with the definition
of Dfˆ in expanded form.
Now we can do a partial integration of (2.18) so that it becomes
tr(fˆ ∗ δFmn) = tr((Dmfˆ)δAn − (Dnfˆ)δAm) . (2.21)
In summary, as long as we are dealing with hat functions under Str as functions of the Lie
algebra variable F and perform operations which are well defined for them, i.e. operations which
send hat functions into hat functions (multiplication by a scalar, addition, multiplication and partial
differentiation) we can treat all expressions under the symmetrised trace as abelian. On the other
hand, the change of variables from F to A and explicit calculation with covariant derivative of hat
function is possible only in the expansion form.
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3 Dyonic instanton as solution of the nonabelian DBI action
In a recent paper by Lambert and Tong [5], it was shown that Yang-Mills-Higgs theory broken to the
U(1) subgroup admits a new type of the instanton solution, the dyonic instanton. This instanton
is a BPS instanton embedded in the 4+1, SU(2) Yang-Mills-Higgs theory broken to U(1). This
instanton is charged with respect to the unbroken U(1) gauge group. We will now apply the rules
for the hat functions in order to show that the dyonic instanton is a solution to the NDBI action.
Since the dyonic instanton is characterised by only one transverse scalar being nonzero, the
action (2.14) in this case simplifies greatly—all commutators vanish identically. In what follows
all functions are understood to be hat functions and all products ’ * ’ products, but to simplify
notation we will not write them explicitly.
In order to show that this configuration satisfies the equations of motion of the NDBI action it
is convenient to first rewrite the action (2.14) as the non-abelian BI action. Using the T-duality
rules (2.16), we can rewrite the NDBI action for the D4 brane as [8]
L =
1
(2π
√
α′)p+1gs
Str
√
−det(ηmnI + T−1Fmn) (3.22)
where m,n = 0, ..., 5 and X is in the direction one and i, j = 2, ..., 5 correspond to the spatial
directions of the D4 brane. In action (3.22) we have we have reinstated the brane tension (i.e.
string coupling and factors of α′). By expanding the DBI action and comparing with the Yang-
Mills-Higgs actions one finds that the Yang-Mills coupling is related to the string parameters as
1
g2YM
=
T
p+1
2
(2π
√
α′)p+1gs
. (3.23)
Varying (3.22) with respect to A gives
δL =
1
g2YM
Str
(√
−det(T · I + F )[(T · I + F )−1]mn(DmδAn −DnδAm)
)
. (3.24)
Minimising the expression for the energy density of the Yang-Mills-Higgs langrangian, the au-
thors of [5] have found the BPS equations for the dyonic instanton to be
Ei = TDiX
Fij = ∓F˜ij . (3.25)
with i = 2...5 and Ei ≡ F0i. In addition to the BPS equations one has to satisfy the Gauss law
DiE
i = T 2[X,D0X] . (3.26)
After performing the variation, we are allowed to plug the BPS equations (3.25) into (3.24). For
the BPS equations the square root in (3.24) linearises:
det(I + F ) =
(
1− 1
4
trF 2
)2
(3.27)
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where tr denotes the trace over the Lorentz indices. Going to the basis in which F is skew-diagonal
and evaluating the inverse of (I + F )−1 for the BPS configuration, one gets
(I + F )−1 =
1
(1− 14 trF 2)


−(1− 14trF 2) 0 0 0 0 0
0 (1− 14trF 2) 0 0 0 0
0 0 1 f 0 0
0 0 −f 1 0 0
0 0 0 0 1 f
0 0 0 0 −f 1


, (3.28)
where f2 = 14trF
2. So we can rewrite (3.24) as
δL = Str
(
F ij(DiδAj −DjδAi)
)
. (3.29)
Since this expression now only involves two factors, there is no need to distinguish between Str and
ordinary tr. One can now apply ordinary integration by parts to obtain the equation of motion 5
DiF
ij = 0 , (3.30)
which is satisfied for the self-dual configurations due to the Bianchi identity.
The energy of the system is obtained by performing a Legendre transformation of the Lagrangian
(2.14). Starting from the Lagrangian (2.14) and expanding the determinant under the square root
one gets
L =
1
g2YM
Str[1 + T 2DX.DX − E2 + T (E.DX)2 − T 2(DX.DX)E2 − 1
2
F 2 + T 2DX.F 2.DX − E.F 2.E
− T
2
2
(DX.DX)trF 2 +
1
2
E2trF 2
1
4
trF 4 +
1
8
(trF 2)2]
1
2 . (3.31)
Next apply the Legendre transformation
E = STr( ∂L
∂E
.E)− L . (3.32)
The energy of the system is
E = 1
g2YM
Str
(
(1 + T 2DX.DX − 1
2
F 2 + T 2DX.F 2.DX − T
2
2
(DX.DX)trF 2
+
1
4
trF 4 +
1
8
(trF 2)2)det(....)
−1
2
)
(3.33)
where here det(....) is short for the expression under the square root of (3.31). The denominator
in (3.33) should be understood as the inverse of the hat function with respect to the star product.
For the BPS configuration the energy density becomes
E = 1
g2YM
Str
(
1 + E2 − 1
4
trF 2
)
. (3.34)
5Note that the equations of motion for X and A0 are automatically satisfied when we plug the BPS conditions
into (3.24).
7
This is the same expression as was obtained in [5] by BPS arguments to minimize the energy. Note
however, that the solution that we get is not obtained by minimizing the energy, but by directly
showing that the BPS equations of [5] solve the full equations of motion.
The second of the BPS equations (3.25) is the ordinary (anti)self duality equation for the
nonabelian instanton. The solution in the singular gauge [17] is given by
Ai = 2
ρ2
x2(x2 + ρ2)
ηaijxj
σa
2
, (3.35)
where ηa are the self-dual ’t Hooft matrices, σa are the SU(2) generators, and the parameter ρ
is the size of the instanton. For the static field configuration (∂0 = 0), after setting A0 = −X,
and after use of the Gauss law (3.26), the second BPS equation reduces to the covariant Laplace
equation in the background of instanton [5]
D2X = 0 . (3.36)
This equation has a unique solution [21] for each v-VEV of the scalar field X. It is given by
X =
gYM
T
v
x2
(x2 + ρ2)
σ3
2
. (3.37)
When the BPS equation are satisfied, the field configuration has a mass which is equal to the sum
of the charges
k =
1
g2YM
tr
∫
WS
d4xFijF
ij , (3.38)
q =
T
vg2YM
tr
∫
WS
d4xEDX =
T
vg2YM
tr
∫
S3
∞
d~σ. ~EX = 4π2ρ2v , (3.39)
where WS stands for world space of the D4 brane, and in the second equation when going to the
surface integral we have used Gauss’ law. Charge k is proportional to the instanton number, while
Q = qv is total electric charge carried by the instanton. Since Q is a conserved charge we see that
instanton stabilises at size ρ = Q
1/2
2piv [5] which is determined by the electric charge of the instanton
and the VEV of the scalar field. Note that the electric charge (i.e. the electric part of the energy)
is independent of the string coupling while the magnetic part depends on the Yang-Mills coupling
as 1
g2
Y M
i.e. as 1
gs
. This suggests that in the brane picture the electric part of the configuration
originates from the fundamental brane (string) while the magnetic part corresponds to the D-brane.
That this is indeed the case will be shown in the next section.
To conclude this section we shall comment briefly on the abelian solution. One can easily derive
the abelian BPS equations by minimizing the expression for the energy. They are the same as
(3.25) up to a replacement D ↔ ∂. Because of this replacement, the equations for E and F are
no longer coupled, as in the non-abelian case. The equation for E, after use of Gauss’ law, implies
that X is a harmonic function on the worldspace (X = q/4πr2), while the selfduality equation has
the solution
Aa =
r=3∑
r=1
(Ir)abδ
bc∂cVr (3.40)
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where the Ir are three independent, anti-self-dual, complex structures in C2 obeying the quater-
nionic algebra relations and V is harmonic on the world space C2 (V = K
r2
). Both the solution for
X and the solution for A are singular and of infinite energy. Following the logic of [14, 15] one
can try to get a non-singular, finite energy solution by embedding the brane in the appropriate
background. Presence of the brane background [14] induces a “cut-off” in the distances which one
can probe on the worldvolume of the D4 brane, leading to a finite energy of the electric part of the
solution (Eelectric =
T
g2Y M
∫
d4σ ~E · ~∂X = qv). However, the part of the energy corresponding to the
instanton behaves as T
g2
YM
∫
R
4 dσ4FabF˜ab ∼
∮
S3r=r0
A∂A ∼ (v
q
)2K2. We see that the magnetic part
of the solution depends on the separation of the brane from the background (v) and moreover that
this dependence is quadratic. We have not yet been able to understand the cause of this behaviour
of the abelianised solution.
4 Brane interpretation of the solution
It is known that the instanton solution in the gauge theory living on the stack of D4 branes has an
interpretation as a D0 brane within the D4 brane [19, 20]. A large instanton is interpreted as a D0
brane which is dissolved into the flux of the YM gauge field, while a singular instanton corresponds
to an undissolved D0 brane within the D4 brane.
The reasons for this interpretation are the following. The number of supersymmetries in the
field theory preserved by the instanton solution is 1/2 of the supersymmetries of the brane theory.
This is the same as the number of supersymmetries preserved by the D0−D4 system. Furthermore,
the instanton solution carries the same RR charge as a D0 brane. This can be seen by looking at
the Chern-Simons (CS) term in the DBI action of the D4 brane. In a constant C-field, the CS term
with selfdual gauge field F reduces to
1
2
T−2T4
∫
C1 ∧ Tr(F ∧ F ) = T0
∫
C1 , (4.41)
since
∫
Tr(F ∧F ) = 8π2 and T0 = (2π
√
α′)4T4. So we recover the coupling of the D0 brane to the
RR field.
Finally, the moduli of the effective action describing a system of two D4 branes and one D0
brane in the Higgs branch are the same as the moduli of the SU(2) instanton. To illustrate this
fact lets consider the case of the k = 1, SU(2) instanton. The number of moduli of this instanton
is eight: four corresponding to the position of the instanton, three corresponding to the orientation
of the instanton in the SU(2) group (i.e. the embedding of the U(1) in the SU(2) group) and one
corresponding to the instanton size.
On the other side, to count the number of the moduli in the D0−D4 system we have to look
at the potential term in the effective action for the D0−D4 system [18]
g2D0
4
3∑
A=1
(χ†iaσ
A
ijχja)
2 +
5∑
i=1
(Xi −X ′i)2χ†χ . (4.42)
Here χi is a doublet of complex hypermultiplet scalars, the index a = 1, 2 labels two D4 branes
and, Xi and X
′
i are scalars in the vector multiplet.
9
In the Higgs branch, the D0 brane is within the D4 brane (Xi = X
′
i), so the second term in
(4.42) vanishes identically. Each of the remaining three terms in (4.42) has to vanish separately,
and so we have three constraints on the field χ. Moreover, using the SU(2) invariance of (4.42) we
can fix one component of χ. There are eight real hypermultiplet scalars in χa. After use of the
constraints and SU(2) invariance one is left with four moduli. These moduli correspond to moduli
describing the embedding of the instanton and instanton size. The additional four moduli come
from the D0−D0 strings and describe the position of the D0 brane within the D4 brane.
The instanton solution in our case is unmodified compared to the un-Higgsed YM theory, except
that the size of the instanton is no longer a free modulus, but it is fixed by the separation of the
branes and by the electric charge which the instanton carries. Hence, we can interpret our instanton
as a D0 brane dissolved in the YM flux in the worldvolumes of two separated D4 branes.
However, we still have to explain the origin of the electric field on the D4 brane. A useful
observation is that the electric part of the energy of the system is independent of the string coupling.
This is a know property of the energy of fundamental objects, such as F1 strings. This is in contrast
to the magnetic part of the energy which is proportional to 1
gs
, i.e. it behaves as the mass of the
D-brane.
Additional information is gained from the effective geometry of the configuration. So let us look
more closely at the shape of the brane for our field configuration.
Along the lines of [8] one can immediately read off the shape of the brane from (3.37). This
is depicted in the fig 1.a. Far away from the core of the instanton, the shape of the brane looks
like the brane pulled by fundamental strings, i.e. X behaves as X ∼ v2 (1 − ρ
2
r2
). However, at
r0 =
ρ√
3
the brane changes shape from concave to convex. Also, if one calculates the energy density
corresponding to the electric field, i.e. the intensity of the electric field (see fig 1.b), one finds the
expression
EE = E2i ∼
r2
(r2 + ρ2)4
. (4.43)
This expression has a maximum at distance r0 =
ρ√
3
, at the same position at which the shape
of the brane changes from concave to convex. Hence, it seems like the source of the electric field
on the brane is located on the sphere of radius r0. To determine the origin of the electric field
we first recall that the D-brane is perturbatively defined in terms of F1 strings with Chan-Paton
(CP) factors attached to the end of the string. CP factors are sources of the gauge group on the
brane and different brane configurations in the effective description correspond to different gauge
configurations. For example, an F1 string ending on the D3 brane in the effective description
is an electric charge in the world volume gauge theory of the D3 brane [12], and it turns on the
electric field in the worldvolume of the brane. On the other hand a D1 string turns on the magnetic
components of the gauge field in the worldvolume of the brane, and is represented as a magnetic
monopole in the worldvolume gauge theory.
When the F1 (or (p, q) string) terminates on the brane, the effective geometry of the brane is
such that it bends under the tension of the string. Due to the fact that the brane has a tendency
to minimize its surface area, the brane has a convex form when pulled by the string. In fig 2. the
shape of two separated branes, pulled by the fundamental string which connects them, is shown.
For the configuration shown in fig 2. the electric field on the branes grows as we approach the point
10
-1
-0.5
0
0.5
1
y
-1-0.50.51
r
0
1
2
3
4
5
6
7
y
-1 -0.5 0.5 1
r
Figure 1: (a) shape of the branes with the dyonic instanton (upper and lower branches of the
picture correspond to the first and the second D4 brane); (b) energy density of the electric field
on the worldvolume of the brane.
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at which the string is attached.
In our case however, the effective geometry is different since the source of the electric field is
not localised at a point.
Far from the core of the instanton, the electric field falls-off as 1
x3
. This is exactly the behaviour
of the electric charge in 4+1 dimensions. So, far away from the core of the instanton, the geometry
of the brane is the same as in the previous case where the F1 pulled the brane. All this suggests
that the correct interpretation of the electric field on the brane is that it originates from the F1
string which connects D0 and D4 branes. The effective description of a D0 brane within a D4
brane is that of the instanton: in other words when the D0 brane is in the D4 brane it dissolves
into the flux. Hence, since the F1 string terminates on the D0, the same thing happens to the
F1 string: it dissolves into the electric flux on the brane. As we start to separate the branes, the
instanton starts to shrink, but its complete collapse is halted by the electrostatic repulsion (which
acts as negative tension on the brane surface). The presence of the delocalised electric source causes
the “blowing up” of the brane surface which counterbalances the brane which tends to collapse. 6
As we increase the separation between the branes, the force that pulls the brane, and hence the
D0 within it, increases 7 and hence the radius at which the instanton stabilises becomes smaller.
In summary, if we start with the system of coinciding D4 branes and a D0 brane within them,
then the presence of the D0 brane in the effective theory is seen as either a “large” ρ instanton (a
dissolved D0 brane, which is described by the Higgs branch of the effective theory) or a zero size
instanton. The singular instanton is interpreted as the D0 brane that can be pulled out from the
stack of D4 branes. Once we separate the D0 brane from the stack of the D4 branes, the system
is described by the Coulomb branch of the full effective action (4.42). However, if we separate the
stack of D4 branes with the “large” D0 brane (instanton) sitting within them, then the D0 brane
will start shrinking and it will stabilise at a radius which is inversely proportional to the separation
6This is to some extend similar to the Dirac model of the electron as a charged bubble, which is prevented from
collapse by electric repulsion, except that in our case the electric field is confined to live just on the surface of the
brane and not in the full spacetime.
7The tension of the string connecting the separating branes is constant, but the total force acting on the branes
is ∼ vT , so it increases as we separate the branes.
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between the branes. 8
It is interesting to note 9 that for each dyonic instanton (characterised by charge Q = qv and
instanton number k), there is a corresponding configuration of a string of length v and separated
set of k D0 branes which has the same energy as the dyonic instanton. However this state cannot
be described in the field theory living on the D4 brane. Although these two configurations have the
same energy, it seems likely that the regions of the full moduli space, corresponding to the dyonic
instanton and the D0 − F1 system, are separated by a potential barrier. In support of this, we
note that to “pull out” a D0 brane one first has to shrink it to zero size, and that requires infinite
separation of the D4 branes. However, to describe the full moduli space one would need to analyse
the effective action of the full D0−D4 system which we leave for future investigation.
5 Conclusions and discussion
In the first part of the paper we have tried to present systematic rules that one should use when
dealing with the nonabelian DBI action. These rules allows one to treat the NDBI action as abelian,
and work in closed form (with all terms in the expansion). However, we have pointed out that there
are limitations to this approach, i.e that after certain operations (like taking covariant derivatives
of hat functions) one loses the ability to further express things in a obvious closed form. As for
future directions, it would be interesting to try to apply this approach to deduce the Hamiltonian
formulation of the NDBI action. In this case one is facing the new problem of solving the nonabelian
constraints. We hope to address this question in future work.
In the second part we have seen a new effect in the effective brane geometry— the blowing up
of the brane. It would we interesting to try to use this effect to construct compact branes. Up to
now all compact brane configurations were constructed either by wrapping branes on a compact
submanifold of the background (in this case the brane is prevented from collapse by the background
geometry) or by putting the brane in an external RR-field [22]. It would be interesting to explore
the possibility of having compact branes due to a nontrivial gauge configuration on the worldvolume
of the brane.
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